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Introduction 

For a p-tuple k = (ki, . . . , k p ) of positive integers and ki ^ 2, the multiple zeta 
value C(k) is defined as 

C(k) = ^ 



fei k p ' 

n 1 >...>n p >0 n l ' ' ' n P 

These values satisfy two families of algebraic (quadratic) relations known as double 
shuffle relations, or shuffle and stuffle, described below. 

In |GM04| A.B. Goncharov and Y. Manin define a motivic version of multiple 
zeta values using certain framed mixed Tate motives attached to moduli spaces 
of genus curves. In this context, the real multiple zeta values appear naturally 
as periods of those motives attached to the moduli spaces of curves. They do not 
prove the double shuffle relations directly, referring instead to previous work by A.B. 
Goncharov in which, using a different definition of motivic multiple polylogarithms 
based on (P 1 )™ rather than moduli spaces, the motivic double shuffle relations are 
shown via results on variations of mixed Hodge structure. 

The goal of this article is to give an elementary proof of the double shuffle 
relations directly for the Goncharov and Manin motivic multiple zeta values. The 



Date: November 19, 2008. 

this work has been partially supported by a Marie Curie Early Stage Training fellowship for 
the AAG network at Durham University. 

1 



2 



ISMAEL SOUDERES 



shuffle relation (Proposition 13. 8p is straightforward, but for the stuffle (Proposition 
14.24)1 we use a modification of a method first introduced by P. Cartier for the 
purpose of proving stuffle for the real multiple zeta values via integrals and blow- 
up sequences. In this article, we will work over the base field Q. 

1. Integral representation of the double shuffle relations 

1.1. Series representation of the stuffle relations. The stuffle product of a 
p-tuple k = (fci, . . . , k p ) and a g-tuple 1 = (Zi, . . . , l q ) is defined recursively by the 
formula: 

(1) k * 1 = (k * (h, J,_ x )) • l q + ((fa, . . . , k p -i) *l)-k p 

+ ((fel, . . . , kp-l) * (h, . . . , lq-l)) ■ (kp + l q ) 

and k* () = () *k = k. Here the + is a formal sum, A- a means that we concatenate 
a at the end of the tuple A and • is linear in A. 

Let k and 1 be two such tuples of integers. We will write st(k, 1) for the set of 
individual terms in the formal sum k * 1 whose coefficients are all equal to 1. Such 
a generic term is then denoted by a G st(k, 1). 

In order to multiply two multiple zeta values £(k) and C(l), we split the summa- 
tion domain of the product £(k)C(l) 

{0 < ni < . . . < n p } x {0 < mi < . . . < m q } 

into all the domains that preserve the order of the rii as well as the order of the rrij 
and into the boundary domains where some rij are equal to some rnj. We obtain 
the following well-known proposition, giving the quadratic relations (HI between 
multiple zeta values known as the stuffle relations: 

Proposition 1.1. Let k ~ (fci, . . . , k p ) and 1 = (l\, . . . , l q ) as above with k\, l\ ^ 2. 

Then we have: 

(2) 

c(k)Cd) = ( E ^r^) f E ^7^7) - E «-)■ 

y ni >...>n p >0 n l '" n P J \mi>...>m,>0 m l "' m q ) ,rGst(k,l) 

1.2. Integral representation of the shuffle relations. To the tuple k, with 
n = k\ H h k p , we associate the n-tuple: 

k=( ,1,..., ,1) = (£„,..., ei) 

fei-i times fcp-i times 

and the differential form, introduced by Kontsevich 

(3) c k = ^=(-ir-^-A-A-^. 

Then, setting A n = {0 < t\ < . . . < t n < 1}, direct integration yields: 



C(k) = / 

J/5 



0J k . 

A„ 

The shuffle product of an n-tuple (e%, . . . , e n ) = e% -e and an m-tuple (fx,---,f m ) — 
fi ■ f is defined recursively by: 

(4) ( ei , . . . , e„) hi (/i, . . . , f m ) = e x • (e m (A • /)) + h ■ {{e x ■ e) m J) 

and e III () = () III e = e. Here, as above, the + is a formal sum, b ■ B means that 
we concatenate b at the beginning of the tuple B and ■ is linear in B. 

Let k and 1 be two tuples of integers as above. We will write sh(fc,7) for the 
set of the individual terms in the formal sum k ml whose coefficients are all equal 
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to 1. Such a generic term is then denoted by a G sh(fc,7) and can be identified 
with a unique permutation a of {1, ... n + m} such that <x(l) < . . . < d(n) and 
a(n + 1) < . . . < a(n + m). The permutation a will simply be denoted by a when 
the context will be clear enough. 

We will put an index a on any object which naturally depends on a shuffle. 
The following proposition yields the quadratic relations ([5]) known as the shuffle 
relations. 

Proposition 1.2. Let k ~ (fci,... ,k p ) and 1 = (li,...,l q ) with k\, l\ ^2. Then: 
( 5 ) / UJ J= J2 

Proof. Let n = k± + ... + k p and m = h + ... + l q . Then we have: 

f — f f dtl dtn \ ( ( dt n+m 

A n k J A m 1 \J A„ 1 ^1 t n ) \J/± m 1 — £n+l tn+m 

dtl dt n dt n +i dtn+m 



/A 1 ^1 t n \ t n +l t n +m 

The set A = {0 < h < . . . < t n < 1} x {0 < t n+ i < . . . < t n+m < 1} can be, up to 
codimension 1 sets, split into a union of simplices 

JJ A a with A CT = {0 < t CT( i) < t a{2 ) < ■■■ < t a ( n+m ) < 1}, 

o-6sh([l,n],[n+l,m]) 

where [a, 6] denotes the ordered sequence of integers from a to b. 

The integral over A is the sum of the integrals over the individual simplices. But 
the integral over one of these simplices is, up to the numbering of the variables, 

exactly one term of the sum J to a . □ 

1.3. The stuffle relations in terms of integrals. We explain here ideas al- 
ready written in articles of Goncharov [Gon02j and in Francis Brown's Ph.D. thesis 
[Bro06], showing how to express the stuffle relations (HI in terms of integrals. 

1.3.1. Example. We have C(2) = J A i^rr^- The change of variables t 2 = x\ and 
t\ = x\X2 gives: 

dx\ X\dx2 f dx\dx2 



C(2) , , 

'[0,1] 2 Xl 1- X X X 2 J[0,1] 2 1 ~ X 1 X 2 

This change of variables is nothing but the blow-up of the point (0, 0) in the pro- 
jective plane, given in n dimensions by a sequence of blow-ups: 

(6) t n = Xi, t n -l = XiX 2 , ■ • ■ , h = X\...X n - 

We will write d n x for dx\ ■ ■ ■ dx n where n is the number of variables under the 
integral. Using the change of variables iJH) for n = 4 we write the Kontsevich forms 
as follows: 

C(4)= / , C (2,2) f W * S 



[0jl ]4 1 - X1X2X3X4 J[0,1] 4 (1 - ^1^2)(1 - XiX 2 X 3 X4,) 

C(2)C(2) = / - \— T - l —^ a A x. 



and 



[01]i (1 - xix 2 ) (1 - X3X4) 
For any variables a and (3 we have the equality: 
(7) ' a , /? 



(1- a) (1-/3) (1 - a)(l - afi) (1 - f3){l - (3a) I - a/3' 
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This identity will be the key of this section. 

Setting a = x\x 2 and j3 — X3X4 and applying we recover the stufHe relation: 



C(2)C(2) = 



xix 2 x 3 x 4 



[0,1] 4 \(l - XiX 2 )(l - XiX 2 X 3 X4) (1 - X 3 X 4 )(1 - X 3 X4XiX 2 ) 

1 

1 — XIX2X3X4 

C(2)C(2) = C(2,2) + C(2,2)+C(4). 

1.3.2. General case. We will show that the Cartier decomposition |(9]) below makes 
it possible to express all the stuffle relations in terms of integrals as in the example 
above. 

Let k = (fci, . . . ,k p ) and 1 = (h,. . . ,l q ) be two tuples of integers with k\, l\ ^ 2. 
As above, if a is a term of the formal sum k * 1, we will write a £ st(k, 1). We will 
put an index a on any object which naturally depends on a stuffle. 

Let k = (fci, . . . , k p ) be as above and n = ki H h k p . We define fk u ...,k p to be 

the function of n variables defined on [0, l] n given by: 

p , \ 1 X\ • • • X kl 

Jk 1 ,...,k„ (Xl, ... , X n ) — - - 

1 - Xi ■ ■ ■ X kl l—Xf' x kl x kl +i ■ ■ ■ X kl +k 2 

xi---x kl+k . 2 Xi ■ ■ ■ x kl+ ,,, +kp _ 1 



1 — Xf- x kl+k2+k3 1 — x\ ■ ■ ■ x kl -{ — ^ kp 

Proposition 1.3. For all p -tuples of integers (ki,...,k p ) with ki ^ 2, we have 
(with n = k\ + • • • + k p ): 

(8) ((ki, . . . , kp) = / f kl ,..., kp {xi, . . . ,x n )d n x. 

J[0,l]i 

Proof. Let Wk be the Kontsevich form associated to a p-tuple (ki,...,k p ) with 
n = k\ + ■ ■ ■ + k p , so that C(&i; ■ ■ ■ 1 hp) — Ja 

Applying the change of variables © towk, we see that for each term ^% there 

arises from the 7- a term which cancels with dt '~ 1 — Xl '" x ™-*+ ldx ™-*+ 2 

This gives the result. □ 

To derive the stuffle relations in general using integrals and the functions fk x ,...,k v > 
we will use the following notation. 

Notation. Let k be a sequence (k±, . . . , k p ), n = ki H h kp. We have n variables 

X\ , . . . , x n . 

• For any sequence a = (ai, . . . , a r ), we will write LJ a = a\ ■ ■ ■ a r . 

• The sequence (sci, . . . , x n ) will be written x. We set x(k, 1) = (x%, . . . , x kl ) 
and 

x(k,i) = (xk 1 +...+k i - 1 +u ■ ■ ■ >a ; fc l +-+ki)j 
so the x is the concatenation of sequences x(k, 1) • • • x(k,p), 

• The sequence (xi, . . . , x kl ^ ^ ki ) = x(k, 1) • • • x(k, i) will be denoted by 

x(k, ^ i). If k = (ko, k p ), Xo = x(k, ^ p — 1) will be the sequence 

(xi, . . .,x fel+ ... +fep _ 1 ). 

• If 1 is a g-tuple with h + - ■ - + l q = m and a 6 st(k, 1), y a will be the sequence 
in the variables X\, . . . , x n , x[, . . . , x' m in which each group of variables 

x(k,i) = (x fel+ ... +fei _ 1+ i, . . . ,x fcl+ ... +fei ) 
(resp. x'(l,j) = (x' h+ ... +l . . . , x' h+ ... +l )) 
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is in the position of fcj (resp. lj) in er. Components of a of the form ki + ij 
give rise to subsequences like 

(xh+...+kt-1+i, x kl+ ... +ki ,x' h+ ... +l ._ i+1 , x' h+ ... +h ) = (x(k, i), x'(l, j)). 

• Following these notations, products x\ ■ • ■ x kl , XktA hfci-1+1 ■ ■ ■ Xk t -\ hfc; , 

X\ ■ ■ ■ Xk x -\ \-ki will be written respectively nxtXl); n x(k, z) , []x(k,< 

i). As x(k, < p — 1) = x and x(k, ^ p) = x, products n x (k> ^ P~ 1) and 
rjx(k, ^ p) will be written n x o and LI X - 

We remark that for each a £ st(k, 1), = n x il x '- 

Remark 1.4. Let (ki, ■ ■ . , k p ) — (k , k p ) be a sequence of integers. Then: 
/fc 1 ,...,fe p ( x ) = / fcl ,...,fc„_ 1 (x(k,<p-l)) — — -— — = /A 1 ,...,fc t ,_ 1 (x ) 1 _ ■ 

Proposition 1.5. Lei k = (fci, . . . ,k p ) and 1 = (li,...,l q ) be two sequences of 
weight n and m. Then: 

(9) / fcl: ..., fcp (x(k,l),...,x(k,p))./ il: ..., g (x'(l,l),...,x'(l,g))= Yl fM- 

<rest(k,l) 

Proof. We proceed by induction on the depth of the sequence. The recursion for- 
mula for the stuffle is given in {1} . 
If p = q = 1 : As we have 

/„( X (k, i))/ m (x'(i, i)) = — j=j-(j^T) • i_ n x'(i,< i) = i-n x ' i-n x ' ' 

using the formula |[7J) with a = fl x and /3 = FJ x ' leads to 
(10) 

/„(x(k,l))/ ro (x'(l,l)) 1JX 1JX 



(i-n x )(i-n x n x ') (i-n x ')(i-n x/ n x ) 

i 



i-n x n x ' 



Inductive step: Let (k\, . . . ,k p ) = (ko,k p ) and (h,...,l q ) = (lo,l q ) be two 
sequences. By Remark 1 1.4^ the following equality holds 

/k ,fc P ( x o, x (k,p))/io^,( x o', x '(l,9)) = /kofoo) -, /i o ( x o0- * " 



i_ nx -»v u 'i-n x ' 

Applying the formula ((7| with a = JT X and (3 = n x ') one sees that the RHS of 
the previous equation is equal to 



/ ko (x )/ lo (x ')-(n x o-n x 'o) 



n x 



(i-n x )(i-n x n x/ ) 
n x ' 



+ 



(i-n x ')(i-n x 'n x ) (i-n x n x ' 
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Expanding and using Remark 1 1.41 we obtain: 
(11) / ko , fep (x ,x(k,p))/ loiig (xo , ,x'(l, g )) = 



(/ko,fc P (x)/i (x )) • , + (/ko(xo)/i ,z,(x )) 



i-nxnx' ^ u/j,o ^ v " i-nx'nx 

nxonx'o 



+ (/k (x )/lo(xo')) 



i-nxnx' 

Hence, the product of functions fk lr ..,k p an d fh,...,i q satisfies a recursion for- 
mula identical to the formula ([T]) defining the stuffie product. Using induction, the 
proposition follows. □ 

Corollary 1.6 (integral representation of the stuffie). Integrating the statement of 
the previous proposition over the cube and permuting the variables in each term of 
the RHS, we obtain: 

c(k)c(i) = / h<r x f hd m x = [ y, f" dn+mx = E cw- 

J ^ n J ^ m J ^ n+m , es t(KD -Gst(k.i) 

Proof. We only need to check that all integrals are convergent. As all the functions 
are positive on the integration domain, all variable changes are allowed, and we can 
deduce the convergence of each term from the convergence of the iterated integral 
representation for the multiple zeta values. 

Another argument is to remark that the orders of the poles of our functions along 
a codimension k subvariety can be at most k. Then, for each integral, a succession 
of blow-ups ensures that the integral converges. □ 

2. Moduli spaces of curves; double shuffle and forgetful maps 

2.1. Shuffle and moduli spaces of curves. Let k and 1 be as in the previous 

section, let n = k%-\ \-k p and m = l±+- ■ ■+l q . Following the article of Goncharov 

and Manin [GMQ4j ■ we will identify a point of .Moj+3, the moduli space of curves 
of genus with j + 3 marked points, with a sequence (0, Z\, . . . , Zj, 1, oo), the Zi 
being pairwise distinct and distinct from 0, 1 and oo, and write $j for the open 
cell in A / to J +3(]R) which is mapped onto Aj, the standard simplex, by the map: 
■Mo,j+3 - * (I? 1 )-' , (0, Z\, . . . , Zj, 1, oo) i— > (zi, . . . , zj). Then we have: 

C(fci,...,fc p ) = / w k . 

Proposition 2.1. Let (3 be the map defined by 
M 

0,n+m+3 

(0, zi,...,2 n+m ,l,oo) i — > (0, 21, . . . , z n , 1, oo) x (0, z n+ i, . . . ,z n+m , l,oo). 
Then, letting U be the coordinate such that ij(0, zt, . ■ ■ , z n+m , 1, oo) = Zi, we have 

n* / . \ dt\ dt n dt n ^-i dt n -i- m 

/3*(w k A uji) = — — A • • ■ A — — A —± A ■ ■ • A ■ 

Furthermore, if for a G sh([l,rt], [n + l,n + m]) we write $^ +m for the open cell 
of A4o,n+m+3(R) in which the points are in the same order as their indices are in 
a, we have 

/r 1 ^™ x $,„) = [] < +m . 

<resh([l,n],[ra+l,Ti+m]]) 
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Proof. The first part is obvious. 

In order to show that f3~ 1 ($ n x <& m ) = ]j3?n+m we have to remember that a 
cell in Mo,„-f m +3(l) is given by a cyclic order on the marked points. Let X — 
(0, 21, . . . , z n+m , 1, oo ) be a point in Mo, n+m+ 3(M.) such that 0(X) G $„ x $ m . 
The values of the Zj have to be such that 

(12) < z\ < . . . < z n < 1 (< oo) and < £ n +i < ■ ■ ■ < 2n+m < 1 (< oo). 

However there is no order condition relating, say z\ to z n+ \. 

So, points on Mo,n+m+3{^) which are in /3 _1 ($„ x $ m ) are such that the Zi are 
compatible with l[T2"|) . That is, they are in JJ ^n+ra- ^ 

ff6sh([l,ra],[n+l,n+m]) 

As $„ x $ m \ (/3(/3 _1 ($„ x 3> m ))) is of codimension 1, we have the following 
proposition. 

Proposition 2.2. The shuffle relation C(k)£(l) = X)<resh(k l) C( cr ) is a consequence 
of the following change of variables: 

I uj k Auj\= /3*(wk A wi). 

Proof. Using the previous proposition, the right hand side of this equality is equal 
to 

f dti ^ ^ dt n+rn 

(resh([l,n],[n+l,n+m]) 1 ~ ^ ill + m 

Then we permute the variables and change their names in order to have an integral 
over $ n +m for each term. This is the same computation we did for the integral 
over M. n+m in proposition 11.21 

As the form ^j- A • • • A (resp. A • • • A f " (n+m) ) does not have any 

poles on the boundary of $£ +TO (resp. $ n+m ), all the integrals are convergent. □ 

2.2. Stuffle and moduli spaces of curves. In Section ll.3[ in order to have 
an integral representation of the stuffle product, we recalled, using the integral 
over a simplex and a change of variables, a cubical representation of the MZVs 
(integral over a cube) . We use here a similar change of variables to introduce another 
system of local coordinates on Mo. r +3, the Deligne-Mumford compactification of 
the moduli space of curves. Following p5ro06], we will speak of cubical coordinates. 
Those cubical coordinates, m, are defined on an open subset of by u\ = t r 

and Ui = t r _j-|_i/t r _j-|_2 for i < r where the U are the usual (simplicial) coordinates 
on Mo, r +3- This cubical system is well adapted to express the stuffle relations on 
the moduli spaces of curves. 

Proposition 2.3. Let S be the map defined by 
M 

0,n+m+3 

(0, Z\, . . . , Z n +m, 1, oo) 1 — > (0, 1, oo) x (0, zi, . . . , Z m , z m+ i, oo). 

Writing the expression of uj-k and ui\ in cubical coordinates, one finds Wk = 
/k(ui, . . . , u n )d n u and u}\ = f\{u n+ i, . . . ,u n + m )d m u where the /k are as in sec- 
tion \1.3[ Then, using those coordinates we have 

<T(w k A u\) = fk u ...,k p (uu ■ ■ ■,U n )fi lt ...,i q (u n+ x, . . . ,u n+m )d n+m u 

and 

(T 1 ^ x $ m ) = $ n+m . 
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Proof. To prove the second statement, let X = (0, Z\, . . . , z n+m , 1, oo) be such that 

S(X) 6 $„ x <& m . Then the values of the z^s have to verify 

(13) 

Q <Z\< ... < z m < z m+ i (< oo) and < z m +i < ... < z n+m < 1 (< oo). 
These conditions show that < Z\ < . . . < z m < z m+ i < . . . < 1 < oo, so 

x e $„+ ro . 

To prove the first statement, we claim that 5 is expressed in cubical coordinates 

by 

(Ul, ■ ■ ■ ,U n+m ) I ► (ui, . . . ,U n ) X (u n+ i, . . . ,U n+m ). 

It is obvious to see that for the left hand factor the coordinates are unchanged. For 
the right hand factor we have to rewrite the expression of the right side in terms of 
the standard representatives on M.o,m+3- We have 

(0,zi,...,z m ,z m+ i,oo) = (0, zx/ z m+1 , . . . , z m / z m+ i,l,oo) = (0,ti, . . . ,t m , l,oo) 

in simplicial coordinates. This point is given in cubical coordinates on M.o, m +3 by 

(t m , t m -i/t m , . . . , txjt-i) = {z m j Z m+ i, . . . , Z1/Z2) = {u n +l, . • . , Un+m)- 

□ 

As a consequence of this discussion and the results of Section ll.3[ we have the 
following proposition. 

Proposition 2.4. Using the Cartier decomposition (0), the stuffle product can be 
viewed as the change of variables: 

I Wk A W\ = I <$*(^k A u>i). 

J*„x* m JS- 1 {<S> rl x<i> rn ) 

Remark 2.5. We should point out here the fact that the Cartier decomposition 
"does not lie in the moduli spaces of curves", in the sense that forms appear in the 
decomposition which are not holomorphic on the moduli space. For example, in 
the Cartier decomposition of /2,i(ui, U2, U3)/2 i i(u4, U5, uq), we see the term 

u 1 du\ du2 du3 du^ du§ du$ 

(1 - UiU2U4U 5 )(l — U1M2W3M4W5W6) 

which is not a holomorphic differential form on .Mo, 6- However, it is a well-defined 
convergent form on the standard cell where it is integrated. Changing the num- 
bering of the variables (which stabilises the standard cell) gives the equality with 
C(4, 2). This example represents the situation in the general case: when simply 
dealing with integrals, the non-holomorphic forms are not a problem. However, in 
the context of framed motives, they are. 

3. MOTIVIC SHUFFLE FOR THE "CONVERGENT" WORDS 

3.1. Framed mixed Tate motives and motivic multiple zeta values. This 
section is a short introduction to the motivic tools we will use to prove the motivic 
double shuffle. The motivic context is a cohomological version of Voevodsky's 
category XVWq [VoeOO] . Goncharov developed in [Gon99], |Gon05] and [GonOl] an 
additional structure on mixed Tate motives, introduced in [BGSV90], in order to 
select a specific period of a mixed Tate motive. 

An n-framed mixed Tate motive is a mixed Tate motive M equipped with two 
non-zero morphisms: 

v : Q(-n) -> Gr^ M f : Q(0) - (Gr^ M) V = Gr^ M v . 

On the set of all n-framed mixed Tate motives, we consider the coarsest equivalence 
relation under which (M,v,f) ~ (M',v', /') if there is a linear map M — > M' 
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respecting the frames. Let A n be the set of equivalence classes and A, the direct 
sum of the An- We write [M;v;f] for an equivalence class. 

Theorem 3.1 ( |Gon05j ). A. has a natural structure of graded commutative Hop} 
algebra over Q. 

A, is canonically isomorphic to the dual of the Hopf algebra of all endomorphisms 
of the fibre functor of the Tannakian category of mixed Tate motives. 

In our context, the morphism v of a frame should be linked with some differential 
form and the morphism / is a homological counterpart of v, that is a real simplex. 

We give here two technical lemmas that will be used in the next sections. We 
write [M, v,f] for the equivalence class of (M,v,f) in A,. By a slight abuse of 
notation, we will speak of framed mixed Tate motives refering to both (M, v, /) 
md[M,v,f\. 

We recall that the addition of two framed mixed Tate motives [M, v, f] and 
[M',v',f] is given by 

[M, v, /] © [M\ v', /'] p= [M © M', («, v'), / + /']. 

Lemma 3.2. Let M be a mixed Tate motive, v, Vi, v 2 ■ Q(—n) — > Gr^ M and 
f, /i,/ 2 :Q(0)^Gr^M v . We have: 

[M;v;f 1 + f 2 } = [M;v;f 1 ] + [M;v;f 2 ] 

and 

[M; v 1 +v 2 ;f} = [M; v V J} + [M; v 2 ;f]. 

Proof. It follows directly from the definition in |Gon05| . For the first case, it is 
straightforward to check that the diagonal map <p : M — ► M © M is compatible 
with the frames. For the second equality, the map from M © M to M which sends 
(mi, ma) to mi + m 2 gives the map between the underlying vector spaces and 
respects the frames. □ 

Lemma 3.3. Let M and M' be two mixed Tate motives. Let M be framed by 
v : Q(-n) Gr^ and f : Q(0) -> Gr^M v . Suppose there exists v' : Q(-n) -> 
Gr^ M' and if : M' — » M compatible with v and v' . Then f induces a map 
f : Q(0) — > GrJ^ M' v and if f is non zero, then if gives an equality of framed 
mixed Tate motives [M;v;f] = [M;v';f]. 

We recall a classical result, used in |GM04] and described more explicitly in 
[Gon02j, that allows us to build mixed Tate motives from natural geometric situ- 
ations. In [Gon02], A.B. Goncharov defined a Tate variety as a smooth projective 
variety M such that the motive of M is a direct sum of copies of the Tate motive 
Q(m) (for certain to). We say that a divisor D on M provides a Tate stratification 
on M if all strata of D, including D$ = M, are Tate varieties. 

Let M. be a smooth variety and X and Y be two normal crossing divisors on 
M.. Let Y x denote Y \ (Y D X), which is a normal crossing divisor on M. \ X. 

Lemma 3.4. Let M. be a smooth variety of dimension n over Q and X UY be a 
normal crossing divisor on M. providing a Tate stratification of A4. If X and Y 
share no common irreducible components then there exists a mixed Tate motive: 

H n (M\X;Y x ) 

such that its different realisations are given by the respective relative cohomology 
groups. 



We have the following version given in |GM04| . 



10 



ISMAEL SOUDERES 



Corollary 3.5. Let X and Y be two normal crossing divisors on 8A4o, n +3 an d 
suppose they do not share any irreducible components. Then, any choice of non- 
zero elements 

[lo x ] e Gr 2 ^(H"(AV^\X)); G Gr^ (H" (JU^; Y)Y 

defines a framed mixed Tate motive given by 

[H»(A^\X;y x );K];W]. 

The following lemma shows that we have some flexibility in choosing X and Y 
for the framed mixed Tate motive [H"(X \ X; Y x ); [u> x ]; [®y]] ■ 



Lemma 3.6. With the notation of Lemma \3.4\ let X' be a normal crossing divisor 
containing X which still does not share any irreducible component with Y, X' U Y 
being a normal crossing divisor. Then: 

[U n (M\X;Y x );[Lo x };[^ Y }] = [u n (M \ X'; Y x '); [w x ]; [$y] 

Suppose now that Y' is a normal crossing divisor containing Y which does not share 
any irreducible component with X' , X'UY' being a normal crossing divisor. Then: 



R n (M\X';Y x )-[u; x }-^ Y }\ = [E n (M \ X': Y' x ); [u x ]\ [$y] 

We are now in a position to introduce Goncharov and Manin's definition of 
motivic multiple zeta values. 

Definition 3.7. In particular, let k be a p-tuple with k\ ^ 2 and let A k be the 
divisor of singularities of Wk- Let B n be the Zariski closure of the boundary of $„. 
The motivic multiple zeta value is defined in [GM04] by: 

[H n (AV^\A k ;B^);K] ;[$„]] . 

3.2. Motivic Shuffle. The map /? defined in Proposition 12.11 will be the key to 
check that the motivic multiple zeta values satisfy the shuffle relations. This map 
extends continuously to the Deligne-Mumford compactification of the moduli spaces 
of curves: 



/3 



M 0,?i+m+3 > ^0,n+3 x -Mo,m+3- 



Let Wk and u>\ be as in section [2711 and write A k and A\ for their respective divisors 
of singularities. Let B n and B m denote the Zariski closures of the boundary of 
<f>„ and $ m respectively. For a G sh([l,n], [n + l,n + rnj), let uj a denote the 
differential form which corresponds to the shuffled MZV and let A a denote its 
divisor of singularities. Let B n+m denote the Zariski closure of the boundary of 
&n+m and B a that of &n+m- The shuffle relations between motivic multiple zeta 
values are given in the following proposition. 

Proposition 3.8. We have an equality of framed motives: 

[H" (AV^ \ A k ; Bt) ; K]; [*»]] • [H m (Mo, m+3 \ A« B%) ; [<*]; [* m \] = 

^ H n+m \ A a ; £^+ m J ; [uj a ]; [$„+„ 

cresh([l,rt],[n+l,n+m]) 

Proof. To prove this equality, we need to display a map between the underlying 
vector spaces which respects the frames. 

Let A' be the boundary of (A^o,n+3 \ A-^) x (.Mo,ra+3 \ A\), it is equal to the 
divisor of singularities of uj^ A uj\ on A^o.ii+3 x -M.o.m+3- 
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Let Ao — (3~ 1 (A') and let Bq be the Zariski closure of the boundary of <I>o = 
/3 _1 ($„ x $ m ). Let B n>m be the Zariski closure of the boundary of $ n x $ m . The 
map (3 induces a map: 

(M . n+m+ 3\A ;B^f ((AW\4) x (M , m +a \ A); (3{B ) A ') 



((M 0,n+3 

We introduce the vertical inclusion a because Bq does not map onto -B„ m via 
f3. The map a induces a map on the mixed Tate motives: 



(14) 



A'\ a 



H" +m ((M ,„+3 \ A k ) x (M„, m+3 \ Ai); /3(_Bo) y 

H" +m ((AV^ \ A k ) x (M , m+3 \ A 1 ); B* m ) . 



The frames on the RHS of lfl4|) are given by [$„ x <£> m ] and [wk A uj\] . Applying 
lemma [331 to (fl"4|) . [<&„ x $ m ] induces a map <l from Q(0) to the — 2(n + m) graded 
part of the LHS of lfl4|) . In fact, since a is the identity map, we have [$] = [$„X$ TO ], 
so [$„ x <5> m ] and [u>k A Wi] give frames on the LHS of (fT4^) which are compatible 
with the map a* . 

The map (3 induces a map on the mixed Tate motives: 

(15) H"+ m ((AV^\A k ) x (M^\Ai);P{Bo) A ') ^ 

H" +m (M ,„ +m+3 \^o;^)- 

On the RHS of lfl"5|) the frames are given by [w ] where wo is /3*(wk A wi) and 
[$o] = [P~ 1 {®n x $m)L which are compatible with the map /?*. 

Now we can prove the proposition. The Kiinneth formula gives a map: 

H" (M^ \ A k ; Bfr) <8> H m (M , m+3 \ Ai; B%) > 

H" +m ((M^ \ A k ) x (M , m+3 \ A,); < m ) . 

By theorem 13, H this map also respects the frames, so the associated framed mixed 
Tate motives are equal. By (fl4|) . 



H"+ m ((M ,n+3 \ A k ) x (M ,m+3 \ Ai);B£' m ) ; K ® w,]; [$„ X * m ] 
is equal to 

H n+m ((Xo,„ +3 \ A k ) x (Xo.m+3 \ Ai); /W 4 ') ; K ® wi]; [$„ x $ m ] 
which, using lfl"5|) . is equal to 

H" +m (Mo,„+ m +3 \ A ; i? 4 °); [wo]; [* 
It remains to show that 

H n+m (A4o,n+m+ 3 \ Ao ; B*° ) ; [w ] ; [$ 



(16) 



5] [H" + ™(Mo,„ +m+ 3 \ A a - B£j; K]; [$„ +m ] 



In the LHS of l|16p . i?o being included in £? s h = (J £? CT , we can replace i3o by 
-B s h using lemma [3~6l 
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As [$o] = J2A®n+ m ], lemma l3~2l shows that the LHS of [16] is equal to 

£ [u n+m (M , n+m+3 \ A Q : [u ]; [K +r , 



Using the fact that B a C £? s h and an inclusion map, lemma [3761 shows that this 
framed motive is equal to 

]T [H"+™(M ,„ +m+3 \ A ; B+>); [a*]; K + J] . 

As the divisor of singularities A of c^o is included in Aq, using lemma [3^61 we can 
replace A by A in this framed motive. Then permuting the points gives an equality 
of framed motives on each term of the sum, 



[H" +m (AV„ +m+3 \ A ; B^) ; [wo]; K+J] , 



with 



H™+ m (Mo,„ +w+3 \ A CT ;<^ m ); [w,]; [$„ +m ] . 
Thus, we obtain the desired formula: 

[H" (AV^F \ A k ; Bp) ; M; [$„]] ■ [H m (A4 , m+3 \ A,; B%) ; [wj; [S m ]] 



E 

crGsh((l....,n),(n+l,...,n+m)) 



H 



\ A a ; Bn+ m ) ; [wj]; [^n+m] 



□ 



4. The stuffle case 

The goal of this section is to be able to translate all the calculations done in 
Section [L"3l into a motivic context. In order to achieve this goal, we need to define, 
for all n greater than 2, a variety X n — > A™ resulting from successive blow-ups of 
A™ together with a differential form k ^ for any tuple of integer (fcj., . . . , k p ) 

(with ki + ■ ■ ■ k p — n) and any permutation s of [1, n\. We use the X n to give 
another definition of the motivic multiple zeta value which we show is actually 
equal to Goncharov-Manin's. Then, using a natural map from X n+m to an open 
subset of Mo,n+m+3, we use this new definition to prove that the motivic multiple 
zeta values satisfy the stuffle relation. 

4.1. Blow-up preliminaries. 

Lemma 4.1 (Flag Blow-up Lemma; |Uly02| .). Let Vq 1 C V q 2 C ■ ■ - V r C W be 
a flag of smooth subvarieties in a smooth algebraic variety Wq. For k — 1, . . . ,r, 
define inductively Wk as the blow-up ofWk-i along V k k _ 1; then V k k as the exceptional 
divisor in Wk and V k , k ^ i, as the proper transform of V k _ 1 in Wk- Then the 
preimage ofV Q r in the resulting variety W r is a normal crossing divisor VfU- • -UVf. 

If & is a flag of subvarieties Vq in a smooth algebraic variety Wo as in the 
previous lemma, the resulting space W s will be denoted by Bl Wq . 

Theorem 4.2 (|Hu03j). Let Xq be an open subset of a nonsingular algebraic variety 
X . Assume that X \ Xq can be decomposed as a finite union UitzjDi of closed 
irreducible subvarieties such that 

(1) for all i G I, Di is smooth; 

(2) for all i,j G /, Di and Dj meet cleanly, that is the scheme-theoretic inter- 
section is smooth and the intersection of the tangent space Tx{Di)C\Tx{Dj) 
is the tangent space of the intersection Tx(Di H Dj); 

(3) for all i,j E I, Di n Dj = ; or a disjoint union of Di. 
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The set V — {Di}i^i is then a poset. Let k be the rank of V. Then there is a 
sequence of well-defined blow-ups 

Bl-p X — » Bl£>^fc_i X —* Blp^o X — > X 

where Blu^o X ^ X is the blow-up of X along Di of rank 0, and, inductively, 
Bi£>^> X — > Blx>^ r _iX is i/ie blow-up of B\x>^ r -i X along the proper transforms 
of Dj of rank r, such that 

(1) Blx> X is smooth; 

(2) Blx> X \ Xq = IJigj -^t * s a divisor with normal crossings; 

(3) /or any integer k, (~l • • • n£>i fc is non-empty if and only if, up to number- 
ing, Di t C • • • C Djj. /orm a chain in the poset V. Consequently, Di and 
Dj meet if and only if Di and Dj are comparable. 

The fact that blow-ups are local constructions yields directly the following corol- 
lary. 

Corollary 4.3 (Flags blow-up sequence). Let X and V be as in the previous the- 
orem. Let J?i , . . . , J^fc be flags of subvarieties of V such that 

(1) . . . , J?fc is a partition of V, 

(2) if D is in some J^, then for all D' G V with D' < D there exists some 
j ^ i such that D' £ ^j . 

If ^j denotes the flag of the proper transform of elements of &j in 

Bl,; (••■(BU 1 X)..-), 

then 

Bb X = BU-i (• • • (Bljr, X) ■ ■ ■ ) . 

k 

We will denote such a sequence of blow-ups by 

As we want to apply these results in order to have a motivic description of the 
stuffle product in terms of blow-ups, we need some more precise information about 
what sort of motives arise from the construction of Theorem 14.21 Following the 
notation of the article |Hu03| . in particular using the proof of theorems 1.4, 1.7 and 
Corollary 1.6, we deduce the following proposition: 

Proposition 4.4. Suppose that X and V = UDi as in proposition \4-2\ are such 
that X and all the Di are Tate varieties. Let £ r+1 be the set of exceptional divisors 
o/Blps;,. X — » X . Then all possible intersections of strata ofV r+1 U £ r+1 are Tate 
Varieties and so is BLp^r X. 

Proof. Mainly following the proof of theorem 1.7 in [Hu03], we use an induction on 
r. 

If r = then Bl-p^o X — > X is the blow-up along the disjoint subvarieties Di of 
rank 0. 

All the exceptional divisors in £ 1 are of the form W(NxDi) (with Di of rank 0), 
and as the Di are Tate, so are the exceptional divisors. 
The blow-up formula 

d-i 

(17) h(X z )=S)(X)@h(Z)(-i)[-2i] 

4=0 

tell us that the blow-up of a Tate variety X along some Tate variety Z of codimen- 
sion d is a Tate variety. Then Bl-p^o X is Tate. Moreover, if D\ is an element of 
T> , then it is the proper transform of an element Di in T> of rank greater than 1. 
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Theorem 1.4 in |Hu03j tells us that Dj = B\ D 

cDi;rank(Dj)=o Dj and is therefore a 

Tate variety. 

We now need to show that all intersections of strata of V 1 n £ x are Tate. As 
Blxxo X — ► A is a blow-up along disjoint subvarieties, the exceptional divisors are 
disjoint and we conclude that elements in £ l do not intersect. 

Let Dj and Dj be two elements of V 1 ; they are the proper transforms of Di 
and Dj in V. If D L D Dj = then, the same hold for their proper transforms and 
there is nothing to prove. Otherwise, by assumption, Di n Dj is a a disjoint union 
LID/. If the maximal rank of the Di is then Lemma 2.1 in |Hu03] ensures that 
the proper transforms have an empty intersection. If the maximal rank of the D\ 
is greater than 1 the fact that Di and Dj meet cleanly ensures that the proper 
transform of the intersection is the intersection of the proper transforms, that is 

D\ n Dj = Bi£) (C0 . n £),..,. on k(£) ( ) = o Di n Dj 
and the intersection is Tate because Di n Dj is a disjoint union of Di which are 
Tate. Moreover from theorem 1.4 (}Hu03]) we have D\ n Dj = UDj. Thus we can 
consider only intersections of the form E 1 n Dj with E 1 in E 1 and D\ in V 1 . Such 
an intersection is non empty if and only if E 1 comes from an element Dj of rank 
in V with Dj C A- Then -E 1 n D, 1 is F(N Dt Dj) and is a Tate variety. 

Assume the statement is true for Blp< r -i X, £ r and 2? r . By corollary 1.6 
in |Hu03j . the blow-up Bl^r X -> Bl^-i A is 

Blp^ o (Bl-psjr A) ► Blj^r- 1 A. 

This is a blow-up along elements in V r of rank r which by assumption are Tate, 
as Blp<;r-i A. Then, B\ v ^ r A and the new exceptional divisors are Tate. The other 
exceptional divisors are proper transforms of elements in £ r and are of the form 

= B\ E r- nD r. rank ^ Dl - ) = r El 

with El in £ r and DJ in T> r coming from some Di in V. As by the induction 
hypothesis both EJ and El (1 DJ are Tate, El + is a Tate variety. The same 
argument proves that all elements in T> r+1 are Tate. As previously the intersection 
of two elements in T> r+1 is either empty or the proper transform of the intersection 
of two elements in P r , again this proper transform is Tate. 

Theorem 1.4 tells us that the intersection D r , +1 n D r , +1 of two elements of V r+1 

1 j 

is either empty or the union of some elements in V r+1 . Then, to prove that 

all possible intersections of strata of £ r+1 U V r+1 is Tate, it is enough to prove that 
the intersection of some -D[ +1 with any intersection E\ +1 n • • • -Bfc +1 is Tate. 

If two of the E'l +1 are exceptional divisors of Blx>^ (BLp^r A) — > BLp^r-i A 
then the intersection is empty because the corresponding strata D\ and £)J have 
an empty intersection (they have been separated at a previous stage). 

Hence at most one of the El +1 is an exceptional divisor coming from the last 
blow-up, and we can suppose that the strata D^ +1 , E[ +1 , . . . , E^l come from strata 
at the previous stage D\, E\, . . . , E 7 k _ 1 . 

• Suppose that E r k +1 is the proper transform of an exceptional divisor E T k in 
£ r . The subvariety Y = £)rnS{n« • -EJ. is Tate by the induction hypothesis 
and its proper transform is 

Bl,DJnY;r'anfc(Dj)=r Y 

which is a Tate variety (Dj n Y is either empty or Tate and Y is Tate) . On 
the other side the proper transform of Y is the intersection Z3[ +1 fl E[ +1 n 
• • • R E k +1 , which is therefore Tate. 
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• Suppose that E k is the exceptional divisor coming from the blow-up of 
Bl^r-i X along DJ. Let Y be the intersection D\ ^ E{ ^ ■ ■ ■ E r k _ t . Then 
Dj n Y is either empty or a Tate variety In the first case the intersection 
D[ +1 n E[ +1 n • • • n E r k +1 is empty. In the latter case we have 

dv +1 n E[ +1 n • • • n E r k +1 = p(n y y n D]) 

which is Tate. 

□ 

4.2. The space X n and some of its properties. Let n be an integer greater 
than 2 and let x\ , . . . , x n be the natural coordinates on A n . We define the divisors 
Ar, Bf, Bj, A n ,B n ,Dl, D° n and D n as follows: 

• for all non empty subsets I of [1, n], Aj is the divisor defined by 

1-Y[xi=0; 

iei 

• for all i <E [1, n], -B° is the divisor defined by a;, = 0; 

• for all i <E [1, n], = A^j is the divisor defined by 1 — Xi = 0; 
. B„is the union (US?) U(U ^); 

• A n is the union Uj C [i,n];|J|^2^; 

• D\ is the union U/ C [i,n];i#0 ^ 5 

• £>° is the union (J f ; 

• D n is the union D%\}D\. 

Remark 4.5. The divisor B n is the Zariski closure of the boundary of the real cube 
C n = [0,1]" in A"(R). 

As the divisor D n is not normal crossing, we would like to find a suitable succes- 
sion of blow-ups that will allow us to have a normal crossing divisor D n over D n . 
In order to achieve this we first need the following remark and lemmas. 

Remark 4.6. Let I be a non-empty subset of [1, n] and x = (x\, . . . , x n ) a point in 
Aj . Then the normal vector of Aj at the point x is 

(18) <=E^ d ^- 

Therefore, if I and J are two distinct non-empty subsets of [l,n], the intersection 
of Ai and Aj is transverse. 

Lemma 4.7. Let I\, . . . , Ik be k subsets of [1, n] and X ifte intersection Aj t Pi - - - n 
A/ fc C A™. Then, there exist non negative integers r and s with r>0,s + r^n 
and integers c\, . . . , c r such that X is isomorphic to 

r 

A s x <G r ^ s - r x ]J{x c = 1}. 

i=l 

Proo/. If |7i U • • • U 4 1 = a < n then X is isomorphic to (A' h n • • • n Aj fc ) x A"" a C 
A a x A"~ a , where the A\. are defined by the same equations, 1 — Y\j e i i %j = 0, 
that define Ai i but viewed in A a instead of A™. Putting s — n — a, it is enough to 
show that we have 

r 

X' = (A' h n • • • n A' Ik ) ~ G r °- r x []{^ = !}• 

1=1 

We now assume that |7i U • • • U J r | = n. 
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For any tuple A = (Ai, . . . , A„) of integers and any x in A™, let x x denote the 
product rijLi 2 -/- For i in [l,n], let = (an, . . . , dj n ) be the element of Z™ 
defined by 

Vj, 1 sC j sC n a,ij = S h (j) 

where 8i i is the characteristic function of the set h. Using these notations, X is 
defined by the equations 

x ai = ■ ■ ■ = x ak = 1. 

Let L be the submodule of Z™ spanned by a\, . . . , a n , and let r, r < k, be its 
rank. For A in L, writing 

A = aiai H afeafc, 

we see that for any x in A™ we have 

n 

x x = Y[{x a *) a ' ■ 

i=l 

In consequence, x is in X if and only if for all A in L one has x = 1. 

The module L being a submodule of the free Z- module Z™, we have a basis 
/i , . . . , /„ of Z™ and integers ci , . . . , c r such that 

L = /i • CiZ e • • • © f r ■ c r z. 

As an element x of A™ is in X if and only if 

VA G L, x x = 1, 

we deduce that x is in X if and only if 

(^) C1 =1, (,^ = 1 

and X is defined by the above equation. 

Let ei, . . . ,e„ be the canonical basis of Z™ and ip be the isomorphism of Z™ 

sending each /j to for i in [l,n]. Let ((fiij)i^i^n denote the matrix of ip in the 

:• < n 

canonical basis. The morphism <p induces a morphism <p from GJ^ to defined 
on the coordinates by 

n 

1=1 

such that <p sends X to the subvariety X defined by 

As f(cifi) = ciei for all i in [l,n], X is in fact defined by 

x l — 1> ' ' ' j 2-r*" = 1- 

The morphism <p being invertible, i/? is an isomorphism and X is isomorphic to 

r 

& n m r x J[{x°< = 1}. 

□ 

Lemma 4.8. Let Ii,...,Ik be k subsets of [l,n] and X i/ie intersection Aj ± n 
• • • n A/ r C A™. Then, the normal bundle N&nX is spanned by the normal bundle 

N A nA h ,...,N A nA Ik . 
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Proof. As in the proof of the previous lemma, it is enough to suppose that \I± U 
■••U4| =n. 

Each of the N^nAj t is a subbundle of N&nX. Thus, as X is smooth, checking 
that we have the equality of dimensions is enough. Using equation 1(18)1 . we see that 
at a point x of X the dimension of the vector space Vect^n, 11 , . . . , ii| x Ik ) is equal to 
the rank of the matrix 

M= (-Su(j)) 

l^j^n 

where Si^j) is the characteristic function of the set I*. The rank of M is that of 
the matrix (5i i (j))i^i^k , that is the rank of the Z-module L spanned by a\, . . . , a,k 

defined in the previous proof. By the proof of Lemma 14.71 the rank of L is the 
codimension of L, which completes the proof of lemma l4~8l □ 



Lemma 4.9. Let X>„ be the poset (for the inclusion) formed by all the irreducible 
components of all possible intersections of divisors Aj. Then the poset T>„ satisfies 
the conditions (1), (2) and (3) of theorem \4-2[ 

Proof. The intersection condition (3) follows from the definition of X>„. From 
Lemma \4.7\ any possible intersection X — Ai 1 D • • • H Ai h is isomorphic to A s x 
^m _s ~ r x rii=i{ a;Ci = 1} f° r some non negative integers r and s and integers q, 
thus X is smooth and its irreducible components are all smooth. 

Let Si and 52 be two elements of T>\. To show that S\ and 62 meet cleanly, 
it is enough to show that the normal bundle of the intersection is spanned by the 
normal bundles of S\ and S2 , that is 

N An (S 1 n S 2 ) - JV A »(Si) + N A n(S 2 ). 

As Si and S2 are intersections of some Aj, it is enough to show that the normal 
bundle of Aj 1 □•••(! Aj k is spanned by the normal vectors of the Aj j and that is 
ensured by lemma HH) □ 

Applying the construction of theorem 14.21 with T> = and X = A n leads to 
a variety X n ^3 A" , which results from successive blow-ups of all the strata of V\ 
such that the preimage X>* of is a normal crossing divisor. We will write D\ to 
denote the preimage of D\. 

Lemma 4.10. Let £>° be the proper transform in X n of the divisor £)°. Then 
D n = D\ (J is a normal crossing divisor. 

Proof. Let I be a non-empty subset of [l,n], B® (resp. Bj) be the intersection in 
X n (resp. A n ) of divisors {xi — 0} for i in I. And let Si, . . . , Sk be strata of P™ 
such that the intersection of the Si is non-empty. We want to show that there is a 
neighbourhood V of B® f] Si f] ■ ■ ■ f] Sk such that V (~l D n is normal crossing. By 
theorem 14.21 the Si come from strata of V^, Si C • • • C Sk- As the intersection of 
the Si's with Bj is non-empty, the intersection of Bj with Si is non-empty. There 
exist non-empty subsets I\, . . . ,Ii of [1, n] such that Si = Aj 1 D • • • H Aj l . 
As Bj p| Si is non-empty, we have 
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Then, in A™, we have a neighbourhood Vq of Bjf]Sx isomorphic to a product 
A rf x Al'l with d = n-\I\: 

A d x Al J l 
U U 

where is the hyperplane corresponding to {xt — 0} inside A' 1 '. 

Lifting this neighbourhood to Vq in X n , it becomes isomorphic to Xd x A' 7 ' with 
D d dX d . Then, for any Sj there is a stratum Sf of D\ such that VoHS, ~ Sf x A^l . 
As the Sf's give a normal crossing divisor in Xd by Theorem 14, 2^ Vq gives the 

neighbourhood of B® f] Si f] • ■ ■ f] S/, such that V (~l D n is a normal crossing divisor 
in X n , 

□ 

Definition 4.11. Let B n denote the preimage of B n and A n the divisor D n \ B n . 

Remark 4.12. The divisors A n and B n do not share any irreducible components 
and are both normal crossing divisors. 

Let C n be the preimage of C n = [0, 1]™ in X n and C n its closure. Then B n is 
the Zariski closure of the boundary of C n , and there is a non-zero class 

(19) [C n ] eGr^H"(X„,S n ). 

If 7 is a subset of [1, n], we define 7/ and Gi to be the functions 

Gj : (a;i, . . . , a; n ) i — » n iG / x » 
7/ : (xi, . . . ,a; n ) i — > 1 - l\ ieI Xi. 

Definition 4.13. A flag T of [1, nj is a collection of non-empty distinct subsets Ij 
of [1, n] such that I\ C . . . C 7 r . The length of the flag J 7 is the integer r and we 
may say that T is an r-flag of [1, nj. A flag of length n will be a maximal flag. A 
distinguished r-flag (J 7 , i\, . . . i p ) will be a flag T of length r together with elements 
i x < .. . < i p of [l,r]. 

Definition 4.14. Let (J 7 , ii, ... i p ) be a distinguished r-flag of [1, nj. Let Q.f t i 
denote the differential form of fl' og (A n \ D n ) defined by 

r 

i=i 

where 

9 . = / Fl A { 3 e {ii,---,« P } 
J [ otherwise. 

Let k = (fci, . . . , k p ) be a tuple of positive integers with k\ ^ 2 such that fci + 
■ • • + k p = n, and let s be a permutation of [l,n]. We define a differential form 
ttk, s enp ofl (A n \£> n ) by 

^k, s = /fei,...,fe„(a; s (i) ) ■ ■ • ,a; s ( n ))da;i A • ■ ■ A da;„. 

Remark 4.15. Let k and s be as in the previous definition. We associate to the pair 
(k, s) the maximal distinguished flag (7^, ix, . . ■ , i p ) defined by 7, = {s(l), . . . , s(i)} 
and ij = kx + ■ ■ ■ + kj where j varies from 1 to p. Then we can see that there exists 
an integer r s such that 

n k , s = (-ir-n£ mip . 
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Definition 4.16. We shall write u)f x i and Wk,s for the pull back on X n \ D n of 
the forms Qi lt ...j p and Ok,s! respectively. 

Proposition 4.17. If (^ r , i±, . . . , i p ) is a maximal flag of [1, n] such that i\ ^ 2 
and i p = n then: 

• The divisor of singularities A^....^ of fifj^ ip is Aj^ U • • ■ U . 

• The divisor of singularities Af t i of u]f t i lies in A n .Thus, the divisor 
of singularities of Wk,s Ues in A n . 

Moreover, let {T, i\, . . . , i p ) and (J 7 ', i' x , . . . , i' q ) be two distinguished flags such 
that the length of J- (resp. T' ) is i p (resp i' q ) with {1^ | ^ 2 (resp. |J t '/ | ^ 2) and 
suppose that the sets Ii p and l[, form a partition of [l,n]. Then the divisor of 

singularities ofojf l tip A uifi {l lies in A n . 

Let (T, i\ C . . . C i p ) be a flag as in the previous proposition. 
It is straightforward to see that Af. T . is Aj. U ■ • • U Aj, . The following 
lemma due to Goncharov can easily be modified to fit into our situation. 

Lemma 4.18 ([Gon02j[l emma 3.8]). LetY be a normal crossing divisor in a smooth 
variety X and u> € £l? og (X \ Y). Let p : X — > X be the blow-up of an irreducible 
variety Z. Suppose that the generic point of Z is different from the generic points 
of strata ofY . Thenp*uj does not have a singularity at the special divisor of X. 

The modified version we use here is given in the following statement. 

Lemma 4.19. Let Y be a normal crossing divisor in A™ and u> 6 fl" og (A n \Y). Let 
p n : X n — > A™ be the map of our previous construction. Suppose that the generic 
points of the strata of B n that are blown up in the construction of X n are different 
from the generic points of strata ofY. Then p^uj does not have singularities at the 
corresponding exceptional divisors in B n . 

It is enough to check that the divisor of singularities of ip is a a normal 

crossing divisor, and that none of its strata is a blown up strata of B n . 

The divisor of singularities of flf, , is Aj. U • • ■ U Ai. , and to show it is a 
normal crossing divisor, it is enough to show that the normal vectors of the Ai t . 
at any intersection of some of them are linearly independent. The normal vector 
of A^, is l-/ x idxi, and as we have 1\ C J 2 C ... C J p , they are linearly 

independent. 

We now have to show that none of the strata of B n that are blown up in the 
construction of X n are exactly some strata of Ai 1 U • • • Aj p . Let S be such a 
stratum of B n of codimension k. The stratum S is defined by the equations x ri 

1 x Tk = 1. If Is denotes the set {r±, . . . , r^}, then for any subset / of [l,n], 

S is included in Aj if and only I is included in Is- As 7, C h> for i < i', if S is 
included in a stratum Sa of Aj lt ,,,j p , that stratum is of the form Aj h D • • • H 
with j < k because |ii| ^2. As a consequence, Sa is of codimension at most k — 1, 
and S cannot be a stratum of Af t . . 

For the case of two distinguished flags, we use the same argument as in the 
lemma, so the proposition 14.171 is proved. 

Proposition 4.20. The divisor A n does not intersect the boundary ofC n in X n (R). 

Proof. Let S be an irreducible codimension 1 stratum of B n containing an inter- 
section of some strata of A n with the boundary of C n . As the divisor A n intersects 
the boundary of the real cube C n only on strata of B n that are of codimension at 
least 2, S has to be such that p n (S) is a stratum of B n of codimension at least 2. 
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Using the symmetry with respect to the standard coordinates on A™, we can 
suppose that p n (S) is defined in those coordinates by Xk — Xf.+i = ■ ■ ■ = x n . 

Starting from A™ and blowing up first the point x\ = x% = . . . = x n = 1, then 
the edge x% = X3 = . . . = x n = 1 and after that the plane £3 = X4, = . . . = x„ = 1 
and so on, we obtain a variety p n : X n — > A". There are natural local coordinates 
(si, . . . , s n )) on X n such that the coordinates on A™ defined by t/j = 1 — xi satisfy: 

Vi = si, U2 — S1S2, yi = sis 2 • • • Si, y n = sis 2 ■ ■ ■ s n . 

In the j/i-coordinates, the stratum Xj = Xj+\ = . . . = x n = 1 is given by 

V3 = Vj+l =.-. = y n = 

and its preimage in X n is given by Sj = 0. 

For any permutation s of [1, n], we could apply the same construction, that is 
blowing up the point £ s (i) = 2^(2) = • • • = — 1 then the edge x s m = x s ^) = 
. . . = a; s ( n ) = 1 and so on, and obtain a variety : X* — > A™. The preimage of 
D n in X* will be denoted by will denote the preimage of B n and A s n is 

D s n \ B a n . To prove that A n does not intersect the boundary of C n in X n (M), it 
is enough to show that for any permutation s, A s n does not intersect, in X^(K), 
the boundary of the preimage of C n . It is then enough to show that the proper 
transforms of the divisors Ai do not intersect the boundary of X^(M), because it 
will then be the same for the irreducible components of their intersections as for 
the proper transforms of those components by the remaining blow-up used to reach 
X n . By symmetry, it is enough to show it when s is the identity map and then in 
the case of X n , Let C n be the preimage of C„ in X n . 

Let Ai be a codimension 1 stratum of A n , where I is the set {io, . .. ,i p } and 
suppose that io < . . . < i p . We want to show that the closure Ai of the preimage of 
Ai \ B n in X n does not intersect the boundary of C n . The fc-th symmetric function 
will be denoted by with the following convention 

£70 = 1, a k (Xi,...,Xi) = if I > k. 

The stratum Ai is defined in the Xi-coordinates by 1 — Xi ■ ■ ■ Xi p = and in the yt 
coordinates by 

p+1 

(20) = ^(-l) fc - 1 £7 )t (y io ,y il ...,y il) ). 

k=l 

Before giving an explicit expression of Aj with the Sj coordinates, we define the 
set Jo as {1, ... , io} and the sets J\, . . . , J p by 

Jk = {io + l,«o + 2,... ,ik} 

for all k in 

For any subset J of [l,n], n J s will denote the product Yljej s j- We have the 
following relations 

y io = Il Jo s and Vfc E [l,p], y ih = Il^sU^s. 

Using the variable change yi — Si ■ ■ ■ Sj, the RHS of the equation l(20|) can be 
written 

p+i 

(21) ^(-i) fe " 1 CT fc (n Jo s,n Jo sn Ji s, . . . ,n Jo sn J "s). 

fc=l 

For any indeterminate A and any k, one has 

<7fc(A, \Xi,XX 2 , . . . , \X P ) = \ k (<7k-i(Xi . . . , X p ) + £7fc(X 1 , . . . , X p )). 
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Then the expression (|21[) is equal to 



n Jo s 



i + CTi(n Ji B,...,n jr »s) 
p-i 

f {(-l) k (U J «s) k (a k (n J % . . .,U J "s) + a fc+1 (n Jl s, . . . ,H 7 -s))) 

k=l 



(-i)V p (n Ji s,...,n J -s) 



The expression of Aj in the s^-coordinates is then 



(22) = l + o-i (n Jl s,...,n J "s) 

p-i 

+ E ((-i) fc (n Jo B) fc (a fc (n Ji s, . . . ,n J * s ) + a fc+1 (n Ji s, . . . ,n J *s))) 



fc=i 



+ (-i)V p (n Ji s,...,n J -s). 

The closure of C„ is given, in the Si coordinates, by si € [0, 1], and for any i € [1, to] 
by si • • • Sj 6 [Q, 1], It is enough to look the intersection of Ai with codimension 1 
strata of the boundary of C n . 

Suppose that Si Q — for some io S Jo- Then the RHS of lf22j) becomes 

i + cri(n Ji s, . . . ,n J "s) 

which is strictly positive if s, for any i. So the divisor Aj does not intersect 
any component of the form Si = for io m Jo- 

Then, we can suppose that Sj ^ for all i 6 Jo in order to study the intersection 
of A j with the boundary of C n , and the RHS of (|22| can be written 



Ui-nii-n^s) +n(i-nW. s ) 



j'=i / 3=1 



Suppose that a point x = (si, . . . , s„) with Sj > for all z in J , lies in the closure 
of C. That is, for all i in [l,n], the product sis 2 •••s, is between and 1 which 
means all the products n Jo sn Jj s lie between and 1 for j in Then one find 

the following inequalities 

if P \ 1 

o < —!— i TT (l n Jo sn^s) < — ^— , 
n J °s I -Li v ' J ^ n J os' 

^ II (i -n' 7 °sn^s) < l. 

3=1 

Both terms cannot simultaneously be equal to 0, thus A/ does not intersect the 
boundary of C n since the Sj are strictly positive for i in Jo and the proposition is 
proved. 

□ 

4.3. An alternative definition for motivic MZV. Both propositions 14.171 and 
14.201 lead to the following theorem and to an alternative definition for motivic 
multiple zeta values. 
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Theorem 4.21. Let k = (fci, . . . , fc p ) fee a tuple of integers with k± ^ 2 and fci 
fc p = n, and lei s fee a permutation of [1, n]. £ci ^4£ ^ e ^ e divisor of 
of the differential form a>£. Tften i/iere exists a mixed Tate motive 

R n (X n \Al;B^). 

The differential form u>^ and the preimage C n of the real n-dimensional cube in X n 
give two non zero elements 

K] G Gr5£ R n (X n \ A\; B$>) and [C n ] G (Gr*' H"(X n \ B? " 

The period of the n-framed mixed Tate motive 

C /r - M (k, s) = [H"(X„ \ 55); K], 

is egtxaZ C(fci, ■••)&»)• 

Moreover, let (J 7 , ii, . . . ,i p ) and (T' ', . . . , i' ) fee iwo distinguished flags such 
that the length of T (resp. J 7 ') is i p (resp. i' q ) with \ ^ 2 (resp. \I[, | ^ 2 J and 

i/ie sets 2j p , 2^ /orm a partition of and Zei -A^' J7 ( ^ ^ fee i/ie divisor of 

singularities of ajf ± ip A u>^ ., . There exists an n-framed mixed Tate motive 

t fr - M (F,h, i v \T', i{, ...,i' q ) = H"(x„ \ ^ Ip | ili .„ jii ;Bn <1, - ,, * ,< ' 1 % 

the frames being given by [u>? ip A oj^ v } and [C n ] . 

Proof. We want to apply theorem 3.6 in |Gon02] to our particular case. As D n is a 
normal crossing divisor and as proposition 14.201 ensures that A n does not intersect 
[C n ], using Proposition \4A7\ the only thing that remains to show is that we have a 
Tate stratification of X n , which is ensured by Lemma \4. 231 

The computation of the period follows from the fact that integrating over C n is 
the same as integrating over the real cube. □ 

The key to prove Lemma HUH] is Lemma |4~7I from which we deduce the following 
lemma. 

Lemma 4.22. Let I\, . . . , Ik be k subsets of [l,n] and let X be the intersection 
Ai 1 (~l ■ • • n Aj k C A n . Then X and its irreducible components are Tate varieties. 

Proof. Using Lemma 14. 7} we have non negative integers r and s and integers 
ci, . . . , c r such that there exists an isomorphism / 

r 

X — f - — > A s x G"r s ~ r x Y[{x c = 1}. 

i=l 

Moreover, there is a one to one map between the set of the irreducible components 
of X and the set of those of 111= li 2 ^ = 1} > the irreducible components of X are 
thus disjoint. 

We conclude that the motive of X is a direct sum of Tate motives, in other words 
X is a Tate variety. The irreducible components of X being disjoint, each is a Tate 
variety. □ 

Lemma 4.23. The divisor D n = B® U D„ provides X n with a Tate stratification. 

Proof. We first need to show that all the strata of D\ and X n are Tate, but using 
Proposition 14. 4^ it is enough to show that all the strata of D\ are Tate (A™ being 
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Tate) . A stratum Aj x fl • • • fl Aj k of D\ is a Tate variety by Lemma 14.221 So X n 
and all the strata of D\ are Tate. 

Note that the previous discussion tells us that for any k ^ 2, and all the 
strata of D\ are Tate varieties. 

Let S be the intersection of certain codimension 1 strata of it is the proper 
transform of the corresponding intersection, say S — Hj^j{xj = 0} for some J C 
[l,n], in B®. That is, S is isomorphic to 

(23) B\ SnD . DeT> i S. 

The intersection S is isomorphic to A d for d = n — \J\ and hence is Tate, and if 
/ is a subset of [l,n], then S C\ Aj is either empty (I fl J ^ 0) or, if I n J = 0, 
isomorphic to the subvariety of A d given by {1 — fl ieI Xi = 0} (up to renumbering). 
Thus, the proper transform S is isomorphic to Xd, which is Tate by the discussion 
above. 

Now, if Si is some irreducible codimension 1 stratum of D\ that has a non-empty 
intersection with S, then, as Si is the exceptional divisor of some of the blow-ups 
in the construction of X n , this intersection S fl Si is the exceptional divisor in the 
blow-up sequence ([23|) that leads to S. As a consequence, the intersection S C\ Si 
is isomorphic to some irreducible stratum of D d in Xj and we can conclude that 
any possible intersection of strata in D\ with S is isomorphic to an intersection of 
strata in D d inside Xd — S, and so is Tate by the above discussion. □ 

4.4. Motivic Stuffle. Let k = (ki, . . . , k p ) and 1 = . . . , l q ) be respectively a 
p-tuple and a g-tuple of integers with ki,h ^ 2, ^ ki — n and J^ij = m. In 
this section, as in section 11.11 and ll.3[ if a is a term of the formal sum k * 1 with 
all coefficients being equal to 1, we will write a e st(k, 1). The map S defined in 
Proposition 12.31 extends to: 



Mo ,n+m+3 

Let Ak (resp. A\) be the divisor of singularities of the meromorphic differential 
form Wk on A4o,n+3 (resp. u>\ on Mo,m+3) given in simplicial coordinates by oj-^ 
(resp. luj) (cf. [3]) and given in the cubical coordinates by fki,...,k p (resp. fi lt ....i q ). 
For all a in st(k, 1), let A a be the divisor of singularities of the form w ff . As in section 
13.21 let <&„, <f> m and $ n +m, denote respectively the standard cells in A4o, n +3(K), 
■A4o,m+3(K) and A4o,n+TO+3(R) and B n , B m and B n+m be the Zariski closure of 
the boundary of $„ , $ m and $ n + m respectively. 

Proposition 4.24. We have an equality of framed motives: 

[H™ (Mo~^~ 3 \ A k ; Bfr) ; [a*]; [$„]] • [H m (A4 ,m+ 3 \ Ai; ; H; [<M] = 

£ [n" +m (aw \ 4,; ; M; [* n+m ] ■ 

cr£st(k,l) 

Proof. Let A be the Zariski closure of dMo, n +m+z \ B n+m , B„ jTra the Zariski 
closure of the boundary of <f> n x $ m and A' the boundary of (Mo. n +3 \ Ak) X 
(A4o,m+3 \ Ai). As the map S maps B n+m onto B n ^ m , we have an induced map 

^ : (A4o,n+m+3 \ 4)1 B^n) — » ((A^0,n+3 \ A k ) X (A4 ,m+3 \ ^l) i ^' m ) . 
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Using the Kiinneth formula, we have maps of mixed Tate motives 

(24) H™ (~M^~ 3 \ A k ; B^) ® H m (M , m+3 \ A; B%) — » 

H" +m ((M^ \ A k ) x (M„, m+3 \ A,); B* m ) — ► 

H n+m (^o,„ +ro+ 3\Ao;S^ m ) 

which are both compatible with the respective frames [cJk] 8> [wi]; [3> n ] ® [^m] , 
[w k A wi]; [$„ x $ m ] and [5*(w k A wi)]; [$ n+m ]. 
We now need to show that 

H n+m (M , n+m+3 \ 4>; B^ m ) ; A a*)], [$ n+m ]' = 

£ [ H " +m (^O.n+m+3 \ 4,5 BXn) J K] ! [*n+m]" • 
<rest(k,l) 

As A CT is included in A , using lemma [3761 it is enough to prove the previous equality 
with A instead of A a in the RHS. The two following lemmas tell us that it is enough 
to work with X n+m (cf. section [472)) instead of Mo. n +m+ 3 \ A . 

Lemma 4.25. Let r ^ 2 be an integer and let S r : Mo.r+ 3 —> (P 1 ) 1 * be the map 
given on the open set by 

(0, Zi, ... , z r , 1, oo) 1 > (0, Zi, z 2 , oo) X (0, 22, 2f 3 , 00 ) X • • • 

X (0, Zr—i, Zr, oo) X (0, Z r , 1, Oo). 

Lei A r 6e i/ie union of the codimension 1 irreducible components of dMo. r + 3 
are mapped by S r into (P 1 ) r \A r . 

Then, A r C ^4o and i/iere errasis a sequence of flags T\,..., J~n of elements of 
T>\ (Lemma \4-Sfy satisfying conditions of Corollary \4-3\ such that 

(25) X r = Bl.r N ./•. A r ^ Mv7+3~ \ A r = lilr A' r A' r . 

Proof. The map 5 r is given in cubical coordinates on A4o,r+3 by Xi = itj, where the 
Xi denote the standard affine coordinates on (P 1 ) 1 ". It maps B r into hyperplanes 
Xi = or Xi = 1. 

The induced map AVr+3 \ A r — > A r is the blow-up along the strata 

(26) {a;, = ar i+ i = . . . = Xj = 1} 

which are all elements of T>\ . 

The beginning T\ , . . . , T r of the sequence of flags is given by 

F\ = U^i = x 2 = ■ ■ • = x n = 1}, {xi = x 2 = ■ ■ ■ = x n -i = 1}, • • • , {xi = 1}} 

T 2 = {{X2 = X 3 = ■ ■ ■ = X n = 1}, {x 2 = X 3 = ■ ■ ■ = X n -l = 1},...,{x 2 = 1}} 

Ti = {{xi = x l+1 = ■ ■ • = x n = 1}, {x. L = x i+ i = ■■■ = x n -i = 1}, . . . , {xi = 1}} 

T r = {{x r = 1}}. 

This part of the sequence satisfies condition (2) of Corollary 14.31 Then the easiest 
way to complete the sequence is to take flags with just one element beginning with 
the rank 1 strata of T>\ (the only stratum of rank is \x\ = x 2 = . . . = x n = 1}), 
then the rank 2 strata and so on. 

Now that the sequence of flags exists, Corollary 14.31 ensures that the morphisms 
in lf25|) are well-defined. 
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Indeed, the usual map Mo. r +3 —> (P 1 ) 1 * which maps (0, z\, . . . , z r , 1, oo) to 
(zi,...,z r ) sends $ r to the standard simplex A r = {0 < ti < . . . < t r < 1} 
and maps B r to the algebraic boundary of A r . A first sequence of blow-ups along 
the subvarieties {0 = t\ = ...ti} corresponds to the change of variables from 
the simplicial to the cubical coordinates ((6]). In order to recover B r , the blow- 
up along the proper transform of the subvarieties {U — U + \ — ... = tj} and 
{ti = t i+ i = . . . = t r = 1} still has to be performed. The expression of these subva- 
rieties in cubical coordinates is given by {x^ — x i+1 = . . , = Xj = 1}. The fact that 
it seems that we are blowing up less strata in order to recover from (P 1 ) r 

using S r (|25|) comes from the fact that we are only looking at A4o,r+3 \ A r , □ 

From the previous lemma we deduce 

Corollary 4.26. (1) Let a — [a\, . . . , a^) be a b-tuple of integers with a\ ^ 2 
and ai + ■ ■ ■ + <Xb = n + m. Using the previous convention, we have the 
following equality of framed mixed Tate motives 

C fr - M (a, id ) = [H n+m (M , n+m+3 \ A ; B$J) ; [w a ], [$ n+m ] . 

(2) Let k and 1 be as in proposition \4-24l then there exist two distinguished 
flags . .. ,i p ) and (J-',ji, . . . ,j q ) such that the length of J- (resp. T') 

is i p (resp. j q ) with ii,ji ^ 2 and the sets L p and I'j form a partition of 
[l,n]. The following equality of framed mixed Tate motives holds 

C fr - M (^,ii,...i p \J",ju...j q ) = 

H ,l+m (M , n+m+3 \ A , B£ X m ) ; [wk A ui], [$„ +m ] . 

As a consequence, for all a e st(k, 1), the framed mixed Tate motives 

H" +m (M ,„ +m+3 \ A , BXn) ; M l*n+r, 

are equal to the frame mixed motives £* r ' M (a). 

Proof. In 1. and 2., the map on the underlying vector space is given by a* n+m (cf. 



((25j) ) . As Cn+m is map to <& n + m , knowing the behaviour of a* +m with respect to 
the form w a and Wk A uj\ is enough to deduce that a* l+m respects the frames. 

(1) As the the map a* +m has no effect on the Ui coordinates on A4o,n+m+3\ A), 
we have a* +m (ix> a ) = , and thus the equality of framed mixed Tate 
motives. 

(2) Writing down in cubical coordinates the expression 

= /k(«i, • ■ ■ , u n )d n u and w\ = /k(w«+i, ■ • ■ , u n+m )d m u 
leads to the definition of two distinguished flags 

(.F,ii,...,ip) and {T' . . . ,j q ), 
as in remark 14.151 with s = id . The fact that a* n+m respects the frames 



come from the equality 

J ii,...,i P ; " - 



^i...^ A uf • = < +m (w k A uji). 



a 



The only thing that remains to be checked to complete the proof of proposition 
14.241 is. using the notation of the previous lemma, that 

crGst(k,l) 
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Using the computation of section ll.3[ in particular the proposition II. 5} we have 
that for each a £ st(k, 1) there exists a permutation s a such that 

[<!...,(, Au C...a1= E k-j- 

erest(k,l) 

As the divisor A^;^' "' Ip - ofw.^ ,- Awf „■ and the divisors j4 ct s are in A n+m , 

•* jjlj'" ijq tlj-'-jtp 71 ) ■ ■ ■ ,Jq ' 

lemma [32] and an analogue of lemma [5~3l show that 

(27) 0" ':....'„•/•'../:..... y 7 : £ C /nA V,s<0- 

cr£st(k,l) 

Permuting the variables gives a well defined morphism X n+m — ► Z n+m that 
preserves C„+ m and its algebraic boundary B n+m . It leads, on each term of the 
RHS of ((57| , to an equality 

^ r - M {a,s a )=^ r - M {a,id), 

and hence to 

f ' V! i. /•./;..../, •••./,* X C /r,A V,id). 

<7Gst(k,I) 

and Proposition 14.241 

□ 
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